A NOTE ON THE GROWTH OF BETTI NUMBERS 
AND RANKS OF 3-MANIFOLD GROUPS 
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Abstract. Let N be an irreducible, compact 3-manifold with 
empty or toroidal boundary which is not a closed graph manifold. 
Using recent work of Agol, Kahn-Markovic and Przytycki-Wise we 
will show that tti(N) admits a cofmal filtration with 'fast' growth 
of Bctti numbers as well as a cofmal filtration of tti(N) with 'slow' 
growth of ranks. 



1. Introduction 

A filtration of a group ir is a sequence {7Tj}j € N of finite index sub- 
groups of Ti such that 7r i+1 C Hi for every i. We say that a filtration 
is co final if l"^^^ is trivial, we call it normal if 7i~j < ti for every i, 
and we say it is almost normal if there exists a k such that txi < iik for 
every i > k. A group which admits a cofmal normal filtration is called 
residually finite. 

Given a filtration {7Tj}j g N of a group ir it is of interest to study how 
the following measures of 'complexity' grow: 

(1) the first Betti number 6i(vrj) = dimf/" 1 (7Tj; Q), 

(2) the Fp-Betti numbers 6i(7Tj,F p ) = dimifi(7rj; ¥ p ), 

(3) the rank d(7ii), i.e. the minimal size of a generating set, 

(4) the order of Torifi(7Tj; Z). 

Such growth functions have been studied for 3-manifold groups by 
many authors over the years. We refer to jCElOl ICW031 iDelOl IEL121 
IQTL^IGWllKMT03lllio^ll^^ 

IShW92l ISiW02al ISiW02bl IWa09] for a sample of results in this direc- 
tion. It is clear that given any group n we have d(7r) > 6i(vr), i.e. given 
a filtration the ranks grow at least as fast as the Betti numbers. 

Now let N be a 3-manifold. Throughout this paper we will use 
the following convention: a 3-manifold will always be assumed to be 
connected, compact, orientable and irreducible with empty or toroidal 
boundary. By |He87] the group vr 1 (A r ) is residually finite. In this 

paper we are interested in how fast Betti numbers can grow in a cofinal 
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filtration of tti(N) and how slowly the ranks can grow in a cofinal 
filtration of tti(N). 

First note that given any cofinal normal filtration {7^}^ of it = 
7Ti(N) it follows from the work of Luck [Lii94t Theorem 0.1] and Lott 
and Liick |LL95t Theorem 0.1] that 

(1.1) lim y^—M-Ki) = 0, 

i.e. the first Betti number grows sublinearly. The same equality also 
holds for almost normal cofinal nitrations of iti(N) if we apply the 
aforementioned results to an appropriate finite cover of N. 

Remark. Note that (II. ip does not necessarily hold for cofinal nitrations 
of 7T 1 (iV) which are not almost normal. In fact Girao |GilO] (see proof 
of |Gil0t Theorem 3.1]) gives an example of a cusped hyperbolic 3- 
manifold together with a cofinal filtration of {vr,j}j e N of tt = tti(N) such 
that 

lim -b^Tii) > 0. 

It is an interesting question how quickly -pr^rj&i (^i) converges to zero, 
and to what degree the convergence depends on the choice of normal 
cofinal filtration of n = tti(N). This question for example was recently 
studied by Kionke and Schwermer [KS12j . 

We will use recent work of Agol Agl2| (which in turn builds on work 



of Kahn-Markovic [KM12] and Wise [?]) to prove the following theorem 
which says that 'most' 3-manifolds admit cofinal nitrations with 'fast' 
sublinear growth of first Betti numbers. 

Theorem 1.1. Let N ^ S 1 xD 2 and N j^T 2 xI be a 3-manifold which 
is neither spherical nor covered by a torus bundle. Then the following 
hold: 

(1) Given any function f:N—> M>o such that 

n f(n) 
lim = 

n— >oo 77, 

there exists an almost normal cofinal filtration {7rj} ieN of 11 such 
that 

bii^i) > /([tt : 7Tj]) for every i G N. 

(2) There exists a normal cofinal filtration {iii}^ of 71 = ni(N) 
and an e G (0, 1) such that 

> [it : 7Tj] e for every i £ N. 
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We now turn to the construction of coflnal nitrations with 'slow' 
growth of ranks. First note that if If is a finite index subgroup of 
a finitely generated group G, then it follows from the Reidemeister- 
Schreier method (see e.g. |MKS76t Corollary 2.7.1]) that 

d{H) < [G : H] ■ (d(G) - 1) + 1 < [G : H] ■ d{G). 

In particular if {7Tj}j e pj is a cofinal filtration of a group tt, then 

rrf(7Tj) < din) for every i. 

[tt : iXi\ 

Put differently, the rank grows at most linearly with the degree. 

We will again use the recent work of Agol, Kahn-Markovic and Wise 
together with work of Przytycki-Wise [PW12] to prove the following 
theorem which says that 'most' 3-manifolds admit cofinal nitrations 
with 'slow' growth of ranks. 

Theorem 1.2. Let N be a 3-manifold which is not a closed graph 
manifold. 

(1) Given any function f : PJ — > M>o with 

lim f(n) = oo 

there exists an almost normal cofinal filtration {iii}^ ofn such 
that 

d{iti) < f([ir : 7Tj]) for every i £ N. 

(2) There exists a normal cofinal filtration of7Ti(N) and an 
e G (0, 1) such that 

d{7Ti) < [tt : 7Tj] e for every i G N. 

Acknowledgment. We wish to thank Jack Button and Wolfgang 
Luck for helpful conversations. We are also grateful to the anonymous 
referee for carefully reading an earlier version of the paper. 

2. Proofs 

2.1. 3-manifold groups. The world of 3-manifold topology was shaken 
up considerably by the recent breakthroughs due to Agol, Kahn-Markovic, 
Przytycki-Wise and Wise. In particular the following is a consequence 
of these recent results: 

Theorem 2.1. Let N be a 3-manifold. 

(1) Suppose that N ^ S 1 x D 2 and N ^ T 2 xl and suppose that N is 
neither spherical nor covered by a torus bundle. Then ni(N) is 
large, i.e. tti(N) contains a finite index subgroup which admits 
an epimorphism onto a non-cyclic free group. 
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(2) Suppose that N is not a closed graph manifold. Then N is 
virtually fibered, i. e. N admits a finite index cover which fibers 
over S . 

The first statement is a consequence of the 'Virtually Compact Spe- 
cial Theorem' of Agol Agl2] (building on work of Kahn-Markovic 



[KM12] and Wise [?]) and older work of Kojima |Ko87j and Luecke 
[Lu88] . The second statement is also a consequence of the 'Virtu- 
ally Compact Special Theorem' together with further work of Agol 
|Ag08| and Przytycki-Wise |PW12j . The fact that graph manifolds with 
boundary are fibered follows from earlier work of Wang-Yu |WY97j (see 
also [Lillt IPWllj ). We refer to the survey paper |AFW12] for details 
and how this theorem follows precisely from the aforementioned papers. 

2.2. Growth of the first Betti number of large groups. In this 
section we will several times make use of the basic fact that if tp : G — > 
if is a group homomorphism with finite cokernel, then a transfer ar- 
gument shows that Hi(G;Q) —> Hi(H;Q) is surjective, and therefore 
bi{G) > bi(H). We start out with the following lemma. 

Lemma 2.2. Let T be a residually finite group which admits an epi- 
morphism a : T — > F onto a non-cyclic free group. Let g : N — > M>o be 
a function such that 

lim ^ = 0. 

n— >-oo fl 

Then there exists a normal cofinal filtration {Ti} i( z^ ofT such that 

bi(Ti) >g(\T:Ti]) for every i G N. 

Proof. Let T be a residually finite group which admits an epimorphism 
a : T — > F onto a non-cyclic free group. Let g : N — > M>o be a function 
such that lim^oo = 0. After possibly replacing g by 

n\->max{g(l),...,g(n)} 

we can and will assume that g is monotonically increasing. Q 



1 Note that if lim n ^oo = and if we set f(n) := m&x{g(l), . . . , g(n)}, then 
lim, woo = as well. Indeed, let e > 0. By assumption there exists an TV 
such that < e for all n > N. We now let M be any integer greater than 
N, f <?(1), ■ • ■ , %g(N — 1). For every n > M we then have 

i/(n) = max{i g (l),...,i g (/V-l),i 9 (/V),...,ig(M)} 

< max{^ 5 (l), . . . , ±g(N - 1), ^g(N), ±g(M)} < e. 
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Let be any normal cofinal filtration of T. We denote the 

projection maps T — > T/Gi, i G N, by p^. We write di := [T : GrJ, 
i G N. We pick an epimorphism 0: F — > Z and given n G N we 

denote by n : F 4 Z - >■ Z/rt the canonical projection. We also write 
Since lim^oo = we can iteratively pick rii G N with 

— < — , i.e. such that gyriidi) < n,i 

and such that n i+ i\rti if i > 1. We now define 

:= Ker{p 4 x : T T/Gi x Z/n*}. 

Note that riidi > [T : Tj] and note that {Tjj-jgpj is a cofinal normal 
filtration of T. Given any i G N we then have 

> i6i(Ker{pi x : T -»• T/G, x Z/^}) 

> i&^Ker^ rF-^Z/n*}) 

= l(nA(F)-i)>i. 

□ 

We are now in a position to prove Theorem 11.11 

Proof of Theorem\TJ\ Let iV ^ S 1 x £> 2 and iV ^ T 2 x J be a 3- 
manifold which is neither spherical nor covered by a torus bundle. By 
Theorem 12.11 (1) the group tt = tti(N) is large, i.e. it admits a finite 
index subgroup T which surjects onto a non-cyclic free group. Since 
this property is preserved by going to finite index subgroups we can 
assume that T is a normal subgroup of it. We write k = [ir : T}. 

(1) Let /: N M> be a function with lim^oo ^ = 0. After 
possibly replacing / by 

f/(n) /(n + 1) 

«^«sup , — — , . . 

[ n n + 1 

we can and will assume that is monotonically decreasing. 

We apply Lemma 12.21 to T and the function g(n) = kf(n) 
and we denote by {r^jig^ the resulting cofinal normal filtration 
of T. Note that {rj}j g j*j is a cofinal almost normal filtration of 
7r, and that 

6i(ro > /([r : r,])[7r:r] 



> 



[r:r<] 



Pf[T: rj[7r:r] = /([7r:r i ]). 
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(2) By Lemma 12.21 there exists a cofinal normal filtration {TijigN 
of T such that 

h(Ti) > k^^[T : Ti\ for every % G N. 

We pick a complete set of representatives a±, . . . , a*, for tt/T. 
Given ieNwe define 

k 

Tii := P| ajTiaJ 1 . 

3=1 

Note that {7rj}i e N is a normal cofinal filtration of tt. Also note 
that 

iTi = Ker{r ->■ r/aiTja^ 1 x • ■ ■ x r/afcFja,: 1 }. 
It thus follows that 

[it : 7Tj] = [tt : T] ■ [T : m] < [n : T] ■ [T : = k ■ [T : r,] fe . 

Finally note that b\{iTi) > bi(Ti), we thus see that for every % 
we have 

h(7Ti) > hiTi) > k^y/[T:Ti] > [tt : tt^ . 

□ 

Remark. It seems unlikely that one can turn the almost normal se- 
quence of Theorem 11.11 (1) into a normal sequence without paying a 
price. For example consider the group 

tt = Z/2 k (F x F) 

where F is a free non-cyclic group and 1 e Z/2 acts by commuting the 
two copies of F. If we apply the principle of the proof of Theorem 11.11 
(1) to r = F x F and a: F x F — > F the projection on the first factor 
and T„ := Ker{F x F — > F — > Z/n}, then if we normalize these groups 
we really take the kernel Ker{F x F — >F— >Z/nxZ/n} but now 
the growth of the Betti numbers is sublinear (in fact it grows with the 
square root of the index) . 

2.3. Growth of the rank of virtually fibered 3-manifolds. In 

the following we mean by a surface group G the fundamental group of 
a compact orientable surface. We will make use of the following two 
facts: 

(1) For any surface group G we have b±(G) = d(G). 

(2) If if is a finite index subgroup of a surface group G, then an 
Euler characteristic argument shows that bi(H) < I ■ bi(G). 

We can now formulate and prove the following lemma. 
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Lemma 2.3. Let T = Z x G be the semidirect product of Z with a 
surface group G. Let f: N — > M>o be a function with lim n ^ 00 f(n) = oo. 
Then there exists a normal cofinal filtration {TjjjgN ofT such that 

diTi) <f([T: r<]) for every i G N. 

Proof. Let G be a surface group. We write r = 61(G). Note that 
surface groups are residually finite, in particular there exists a cofinal 
filtration {Gj}j g N of G by characteristic finite index subgroups of G. 
(Recall that a subgroup of G is called characteristic if it is preserved 
by every automorphism of G.) We write di := [G : Gi], ieN. 

We denote by 0: r = Z x G — >7L the projection onto the first factor 
and given n G N we denote by</> n : r = ZxG- >Z/n the composition 
of <p with the surjection onto Z/n. Since lim n _ > . 00 f(n) = 00 we can 
iteratively pick rij G N such that 

f(nidi) >l + dir 

and such that ni\rii+i for i > 1. We then define := n^Z x Gi. Note 
that rj, i G N is normal in T = Z x G since Gj C G is characteristic. 
In particular the {TijjgN form a normal cofinal filtration of T. It now 
follows that 

d(Ti) = d{n{L x d) < 1 + d(Gi) = 1 + 6i(G<) 

< 1 + d(r 

< f(n i d l ) = f([T:T l }). 

□ 

We are now in a position to prove Theorem 11.21 

Proof of Theorem Let N be a 3-manifold which is not a closed 
graph manifold. We write it = tti(N). By Theorem l2.ll (2) there exists 
a finite cover N which fibers over S 1 , i.e. T := 7r 1 (A r ) = Z x G, where G 
is a surface group. Since finite covers of fibered 3-manifolds are again 
fibered, we can assume that T := tti(N) is a normal subgroup of n. 

(1) Let g: N — )■ 1R> be a function with lim n ^. 0O 5'(n) = 00. We 
then apply Lemma I2T31 to T = Z x G and f{n) := -A^g(n). 
The resulting filtration is an almost normal cofinal filtration of 
7r with the desired property. 

(2) By Lemma 12.31 there exists a normal cofinal filtration {TijigN 
of r such that 

d(Ti) < [T : Tift for all %. 

Given % G N we write := [r : We now denote by ai, . . . , 
a complete set of representatives of n/T. Given any % G N we 
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define 

k 

7Ti := Pi ajTiaj 1 C T,. 
j'=i 

Note that {7ri}j e N is now a normal cofinal filtration of it. Given 
ieNwe write s« := [Tj : 7Tj]. Note that rii ■ Si = [T : Tj] • [r» : 
7r»] < nf. We thus see that s, < n* -1 . Using this observation 
we obtain that 

1. 

din) < [ r i : TTi] ■ d(Ti) = Si ■ nf 

2fc-l J_ 1 2fc-l fc-1 1 

= s« 2fc sf • n? < s t 2 * • n^* nf 
= Sj 2fc rij 2fe = k 2ir (si7iik)^k~ 

2fc-l r , 2fc-l 

= K 2fe ■ |7r : 7TjJ 2fc . 

It follows that the sequence {7rj} ieN together with e = has 
the desired properties. 

□ 
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